Quadrotor transportation systems are capable of transferring necessary relief supplies in emergency tasks. In practice, the nonnegligible hook and the payload's scale make the system exhibits double-pendulum swing dynamics, which bring great challenges to controller design and stability analysis. To realize rapid swing suppression and efficient quadrotor positioning, a nonlinear controller is designed. Specifically, a composite signal is constructed. The closed-loop asymptotic stability analysis and simulation results are provided to verify the effectiveness of the control scheme.
I. INTRODUCTION
As a kind of typical unmanned aerial vehicles, quadrotors have excellent hovering ability and maneuverability, thus, they are widely utilized in tasks including goods delivery, environmental monitoring, security and safety. With the help of grippers [1] - [3] , manipulators [4] - [6] , and cables, quadrotors can undertake various transportation tasks. Without much mechanical structure complexity and cost, transportation of suspended payload is the topic of this paper.
The quadrotor presents underactuated nature [7] - [10] . With the suspended payload, the underactuation degrees of the system grows. At present, most works on quadrotor transportation systems view the payload swing as a singlependulum. Utilizing the single-pendulum model, various control schemes [11]-[16] are proposed.
However, due to the nonnegligible hook and the payload's scale, as the quadrotor moves, the rotation of the hook around the quadrotor will be accompanied by the rotation of the payload around the hook. This phenomenon is the double pendulum swing effects, which always exist in similar hoisting systems [17]- [19] . Although the double-pendulum model is actually a more accurate description of the system, the increased degrees of freedom bring great challenges to controller design. Specifically, unreasonable control methods will cause more severe swings. In this paper, a nonlinear control method is proposed to deal with the above practical problems. To enhance the system's transient performance, the composite signal reflecting the hook and the payload motions are introduced. Lyapunovbased stability analysis are applied and the asymptotic results are then proven. Finally, extensive simulation tests are conducted.
The paper is arranged as follows. The control objective is stated in Section II. In Section III, the controller design process as well as the stability analysis are given. Results of numerical simulation tests are provided in Section IV. In Section V, summarizes of the entire paper and the future work are given.
II. PROBLEM FORMULATION
The dynamic model of the double-pendulum quadrotor transportation system is given as follows:
where ξ(t) = [y(t), z(t)] ∈ R 2 , θ 1 (t), θ 2 (t) ∈ R denote the quadrotor position, the hook's and the payload's swing angles, respectively, φ(t) ∈ R represents the quadrotor roll angle, l 1 , l 2 ∈ R are the rope lengths, M, m 1 , m 2 ∈ R denote the masses of the quadrotor, the hook, and the payload, respectively, J ∈ R is the quadrotor's moment of inertia, f (t) ∈ R and τ (t) ∈ R are the force and the torque input, respectively, C i , C i−j are abbreviations for cos θ i , cos(θ i − θ j ), respectively. In practical applications, the assumptions that θ 1 (t), θ 2 (t) ∈ (−π/2, π/2), ∀t ≥ 0 and l 1 > l 2 are always reasonable. In this paper, the quadrotor positioning and the double-pendulum swings suppression problems are discussed. More precisely, the objective is to send the quadrotor to the desired position
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III. MAIN RESULTS

A. Controller Development
The total energy for (1)-(4) takes the following form:
where
, and
By taking the time derivative of (7) and inserting (1)-(4), one has thaṫ
, and e 2 = [0, 1] denotes the unit vector. According to the passivity property presented by (9), the composite signal σ = [σ y , σ z ] is introduced as
The termĖ c (t) is chosen as the following form purposely:
By definingĖ
we can derive that
To obtain E 12 , substituting (1)-(2) into (13)- (14) and performing some calculations yielḋ
Then, inserting (3) and (4) into the above equations, and performing some arrangements, the following results are derived:
As the first two terms ofĖ 1 andĖ 2 can be directly integrated versus time, we divideĖ 12 into two parts aṡ
wherė
It is noted that the integral of the termĖ i1 is given as
To ensure thatĖ i2 is integrable with respect to time, we set
Inserting (24) into (22), we are led to the following resultṡ
Therefore, the integral ofĖ i2 is as follows:
By collecting up the results in (15), (23), and (26), E 12 can be rearranged in the following manner:
According to (7) , (24), and (27), by choosing k 1 < 0, one can can verify that E c is positive definite. The termĖ c takes the following form:
based on which, we construct the following control scheme:
where the error signals are defined as e σy = σ y − y d , e σz = σ z − z d , k py , k dy , k pz , k dz are positive control gains.
B. Theoretical Proofs
Theorem 1: The proposed control scheme (29)-(30) for the outer loop subsystem guarantees precise quadrotor positioning and double-pendulum swing angles elimination, i.e.,
Proof: Choose the Lyapunov function candidate V (t) by the following fashion:
Differentiating V (t) with respect to time, we can obtain thaṫ
The results of (32) and (31) imply that
Define Φ = y, z, θ 1 , θ 2 ,ẏ,ż,θ 1 ,θ 2 |V (t) = 0 , and denote by Γ the largest invariant set included in the set Φ. Based on the results in (32), the following conclusions hold in Γ:
where α y , α z are to-be-determined constants. Then, according to (29)-(30), we have
Further, one can obtain the following results from (34)-(35):
By applying the conclusions given by (38)-(39), (1)-(2), and (36)-(37), we derivë
Assume that α y , α z = 0, then, as t → ∞, one can obtain thaṫ y,ż → ∞, which contradicts with the conclusion ofẏ,ż ∈ L ∞ in (33). Thus, the following results can be achieved:
α y = 0, α z = 0 ⇒ e σy = 0, e σz = 0,ÿ = 0,z = 0, (42)
Utilizing similar mathematical techniques of proof by contradiction, we haveẏ = 0,ż = 0, and
After some mathematical analysis with (3)-(4), it can be shown that Γ contains only the desired equilibria, which is omitted here due to the space limitation. According to LaSalle's invariance theorem [20], the asymptotic stability results can be obtained.
IV. SIMULATION RESULTS
In this section, simulation tests are implemented by utilizing MATLAB/Simulink. Three groups of simulation results are presented for verification. In addition, to further to validate the control performance, the basic PD based controller is chosen as the comparative method.
For the simulation study, the system parameters and control gains are selected as: M = 5 kg, m 1 = 2 kg, m 2 = 0.8 kg, l 1 = 0.5 m, l 2 = 0.3 m, g = 9.8 m/s 2 , y d = 5 m, z d = 2 m, y(0) = 0 m, z(0) = 0 m, k py = 0.8, k dy = 4.5, k pz = 0.8, k dz = 4.5, k 1 = −3 for all the three groups of simulation tests, and the results are given in Figs. 1-6.
• Group 1: Comparative Results without Disturbances
In this case, no external disturbances are added to the system. One can find that both controllers achieve satisfactory positioning effect, and the proposed controller is more effective in swing suppression and elimination.
• Group 2: Comparative Results with Disturbances
In this case, impulse disturbances with the amplitude of 5 • on the hook and the payload are added at 45 s and 120 s, respectively. It is obvious that the proposed controller could quickly eliminate the external disturbances, which verifies its good robustness against external disturbances. • Group 3: Comparative Results with Changed Parameters In this case, system parameters are changed as M = 7 kg, m 1 = 3 kg, m 2 = 1.5 kg, l 1 = 1.0 m, l 2 = 0.6 m. As shown by the curves, the proposed method still achieves satisfactory performance even when system parameters have been changed. 
V. CONCLUSIONS
In summary, a novel nonlinear control method has been presented for double-pendulum quadrotor transportation systems. Without linearization or approximation operations, the proposed controller is derived by enhancing the internal coupling nature. By utilizing Lyapunov-based techniques, asymptotic results can be concluded. Simulation tests are conducted to show the controller's superior transient performance and robustness against external disturbances and parametric uncertainties. To accomplish more functions, research on cooperative transportation by multi-quadrotors will be the future direction. 
